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Introduction 

In polarographic literature there are nu-
merous papers dealing with the current-
voltage curves due to the reduction of com-

plex metal ions, but satisfactory quantitative 
treatments reported up to date are almost 
all based on the fact that the net electrode 
reaction takes place reversibly1, 2). Recently, 
from the viewpoint of chemical kinetics, R. 
Tamamushi and N. Tanaka3) attempted a 
theoretical analysis of the polarographic wave, 
especially of the irreversible type, which was 
obtained by the oxidation and reduction of 
complex metal ions. However, since they 
have applied the concept of Nernst's diffusion 
layer to the diffusion process taking place in 
the region very close to the surface of the 
dropping mercury electrode, their result can-
not be quantitatively adapted to the present 
problem. 

In the present paper, taking into account 
the movement of the solution caused by the 
expansion of the mercury drop, we shall 
attempt to solve the corresponding diffusion 
problem, which involves the electrolytic re-
duction of complex metal ions as the boundary 
condition, and then derive a general equation 
of the instantaneous current during the drop 
age for any point along the wave. Moreover, 
a general expression for the current-voltage 
curve will be given and its characteristics in 
several special cases will be discussed in some 
detail. 

Formulation of the Problem 

According to the pioneering investigations 
of N. Bjerrum and his coworkers4), the forma-
tion of complex metal ions always occurs 
stepwise and the various species of complex 
metal ions coexist in a given solution, the 
stability of the individual species being char-
acterized by a series of consecutive dissocia-
tion constants of the form :

(1)

In this expression, Cv and Cx denote the 
concentrations of the complex metal ion in 
the form of MXv(n-vb) + and of the complexing 
agent X-b, respectively, f's are the correspond-
ing activity coefficients and N is the max-
imum number of the ligands taken up. 

Now, consider the reduction to the metallic 
state (amalgam) of complex metal ions of a 
metal that is soluble in mercury. The net 
electrode reaction may be represented by

(2)

where M(Hg) represents the amalgam formed 
on the electrode surface and n is the number 
of electrons associated with the electrode 
reaction. 

In this reaction, various possible types of 
kinetic mechanism may be considered. From 
the information as to the formation of com-
plex metal ions, it seems safe to assume that 
the net electrode reaction described above 
takes place according to the following scheme: 

(1) dissociation and association processes

(3)

(2) electron transfer process

(4)
In this scheme, it is assumed that the com-

plex metal ions MXv(n-vb)+ (v=N,N-1,......, 

p+1) and MXƒÊ(n-ƒÊ')+ (ƒÊ=p-1, p-2,......, 1,0) 

successively dissociate and associate up to 

the form MXp(n-pb)+ in the vicinity of the 

electrode surface, respectively, and the species 

MX,(,,-pb)+ thus produced is electrolytically 

reduced to the amalgam. 

If we accept the foregoing assumptions as to 

the kinetic mechanism of the reduction of com-

plex metal ions, the concentration distributions 

of the various species of complex metal ions and 

of the amalgam can be determined by solving 

the following system of differential equations5,6) :

1) I.M. Kolthoff and J.J. Lingane, "Polarography" 
(1952). vol. 1, p. 211. 

2) D.D. DeFord and D.N. Hume, J. Am. Chem. Soc., 
73, 5321 (1951). 

3) R. Tamamushi and N. Tanaka, This Bulletin, 23, 
110 (1950). 

4) J. Bjerrum, Chem. Revs., 46, 381 (1950).

5) D. MacGillavry and E.K. Rideal, Rec. tray. chim., 
56, 1013 (1937). 

6) J. Koutecky, Collection Czechoslov. Chem. Com-
muns., 18, 597 (1953).
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(5)

(6)

(7)

(8)
where

(9) 
(10)

In these equations, r is the distance from the center 
of the mercury drop, t is the time elapsed after 
the development of the drop has begun ; r0 is the 
radius of the mercury drop , which is given by

where m is the constant rate of flow of mercury 

not of the capillary and d is the density of mer-

cury ; D and Da are the diffusion coefficients of 

the complex metal ions MXv (n-_vb)+(v=N , N-1,•c
…,1,0)  in the solution and of the metal atoms

M(Hg) in the amalgam, respectively ; Cv(v=N
, N 

-1,•c•c
, 1,0) and Ca are the concentrations of 

MXv (n-vb)+(v=N, N-1,•c•c, 1, 0) and M(Hg) at 

any point in the corresponding diffusion layers
, 

respectively ; Cx is the concentration of X-6
, 

which is assumed to be constant since the solution 

usually contains an excess of the complexing 

agent ; f's are the corresponding activity coeffici-

ents; kv and Kv(v=N,N-1,•c•c
, 1) are the rate 

and equilibrium constants of the consecutive dis -

sociation processes, respectively
. 

The initial and boundary conditions are given 

by

(11)

(12)

(13)

where *Cv(v=N,N-1,•c•c, 1,0) are the concent-

rations of MXv (v-vb)+(v=N, N-1
,•c•c, 1, 0) in the b

ulk of the solution, which fulfill the conditions:

(14)
since the equilibrium states of the consecutive 

dissociation and association processes expressed 

by Eq. (3) are assumed to be attained in the bulk 

of the solution ; i(t) is the current flowing through 

the electrode surface; F is the faraday; q is the 

surface area of the dropping mercury electrode
, 

which is given by 4ƒÎr02. The conditions expressed 

by Eq. (13) result from the fact that MXv(n-vb)+

(v=N, N-1,•c•c, p+1, p-1,•c•c, 1, 0) cannot par-

ticipate in the electron transfer process. 

It is very difficult to obtain an exact solu-

tion of the system of differential equations 

described above. Therefore, in the present 

paper our discussion will be restricted to a 

case when the following assumptions are 

satisfied. 

(a) The thickness of the diffusion layer 

is very much less than the diameter of the 

mercury drop. Thus, the approximate pro-

cedure used in the previous paper 7) can be 

available. 

(b) ƒÏƒË(1+ƒÐƒË)t•â1(v=N, N-1,•c•c, 1). This 

assumption, which is satisfied by sufficiently 

rapid consecutive reactions in solution, seems 

to be available for many cases of the reduc-

tion of complex metal ions. 

Let us now introduce the substitution :

(15)
(16)

(17)

(18)
Then, considering the assumptions (a) and 
(b), we obtain in place of Eqs. (5), (6), (7) and 
(8)

(19)

(20)

(21)

(22)

(23)

The initial and boundary conditions (11), (12) 
and (13) can be written as follows, after 
being rearranged:

(24)

7) H. Matsuda and Y. Ayabe, This Bulletin, 28, 422 
(1955).
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y＞0, x=0:

(25)

(26)

Derivation of the Equation for the 

Instantaneous Current 

The solutions of the differential equations 

(19) and (23), which satisfy the initial and 

boundary conditions (24) and (25), have been 

obtained in the previous paper7). According 

to our results, the values of the functions C 

and Co at the electrode surface, designated 

by •Ž and •Žƒ¿ respectively, can be expressed 

as

(27)

(28)

The system of differential equations (20) 

(21) and (22) can be solved by means of me-

thod similar to that used in the problem of 

the linear N coupled oscillators8) . The values 

of the functions gƒË (ƒË=N, N-1,•c•c, 1) at the 

electrode surface, denoted by •‹gƒË, are given 

by

(29)

where GƒË is a complicated function of ƒÐN,

σN-1,… … σ1 andρN, PN-1,… …,ρ1.

Upon using the relations expressed by Eqs. 
(17), (18), (27) and (29), we obtain the follow-
ing expression for the concentration at the 
electrode surface of MXp(n-pb)+ which par-
ticipates in the electron transfer process:

(30)

where

(31)

(32)

(ƒÉe is a complicated function of ƒÐN, ƒÐN-1,•c
…
, σ1  and ƒÏN, ƒÏN-1,•c•c, ƒÏ1, and can be re-

lated in a simple manner to the average 

value of the limiting current, il, as shown 

later. See Eq. (48). Hence, if one gives up 

any discussion on the behavior of the limit-

ing current, it is not necessary to obtain an 

explicit expression of the dependence of ƒÉt 

on ƒÐN , ƒÐN-1,•c•c, ƒÐ 1 and ƒÏN, ƒÏN- ,•c•c, p1.) 

The current flowing through the electrode 

surface depends on the electrode potential 

and the concentrations at the electrode sur-

face of the substances which participate in 

the electron transfer process. According to 

the reaction rate theory9), the current flowing 

can be expressed as

(33)

where E is the electrode potential measured 

with respect to the normal hydrogen elec-

trode; a is the transfer coefficient; k0J and

k0b are the forward (reduction) and reverse

(oxidation) rate constants of the electron 
transfer process at the potential of the 
normal hydrogen electrode, respectively. 

Substituting the relations expressed by 
Eqs. (28) and (30) into Eq. (33) and rearrang-
ing them, we obtain Volterra's integral equa-
tion of the second kind:

(34)

where

(35)
In order to obtain a description of our pro-

blem formulated by means of dimensionless 

parameters, we make the substitution:

(36)

8) J. C. Slater and N.H. Frank, " Introduction to Theo-
retical Physics" (1933), p. 107. 

9) S. Glasstone, K.J. Laidler and H. Eyring. "The 
Theory of Rate Processes" (1941). p. 575.
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(37)

Then, we obtain

(38)

This integral equation has already been solved 

in the previous paper7), and its solution has 

been there expressed in the form of power 

series of ƒÌ. 

Hence, considering the relations expressed 

by Eqs. (36) and (37), replacing the surface 

area of the dropping mercury electrode q 

with 4ƒÎr20=4ƒÎ(3m/4ƒÎd)2/3 t2/3, and rearranging 

it, we obtain for the instantaneous current 

during the drop age

(39)

where is represents the Ilkovic equation for 

the instantaneous limiting diffusion current. 

The values of the function •ã/ 3ƒÎ/7 •~(ƒÉ-•ã t)

×ψ(λt)  for various values of ƒÉ•ãt are

tabulated in Table 1 of the previous paper 7). 

According to DeFord and Hume2), the half-

wave potential of the reversible wave due to 

the reduction of complex metal ions, denoted 

by Er1/2, is given by

(40)

where E0 is the standard potential of the 
reduction of the simple metal ion Mn+ to the 
amalgam state. Since the standard potential 
of the electron transfer process expressed 
by Eq. (4), which is given by 2.3 (RT/nF) 

log (k0j/k0b), can be related with E0 according 

to

Eq. (40) can be rewritten as follows , by us-
ing the abbreviation expressed by Eq. (31):

Consequently, and

λcan be,  respectively, expressed as

(41)

(42)

where

(43)

(44)

Hence, Eq. (39) can be transformed into 
the form

(45)

with ƒÉ defined by Eq. (42). This is the 

general expression showing the instantaneous 

current during the drop age for any point 

along the wave. 

Derivation of the Equation for the 

Current-Voltage Curve 

Upon integrating Eq. (45) with respect to 

t from zero to the drop timeƒÑ and dividing 

it by ƒÑ, we obtain for the average value of 

the current flowing

After writting ƒÌ=_ƒÉ•ãt and rearranging it, 

we obtain

(46)
where id represents the Ilkovic equation for 

the average value of the limiting diffusion 

current. 

As shown in the previous paper 7), the func-

tion

•ã

7ƒÎ/3 (ƒÉ•ãƒÑ)-7/3•~ •çƒÉ0•ãƒÑ ƒÕ(ƒÌ)ƒÌ7/3dƒÌ can

be, with sufficient accuracy, approximated by 

(ƒÉ•ãƒÑ )1. 04/[1 13+(ƒÉ•ãƒÑ )1.04]. For the sake of 

simplicity, although with a little less accuracy, 

we replace (ƒÉ•ãƒÑ)1.04/[1. 13+(ƒÉ•ãƒÑ)1.04] with 

(ƒÉ •ãƒÑ)/[1.12+(ƒÉ•ãƒÑ )]*). Accordingly, Eq. 

(46) can be reduced to

* Replacing the exact function with(λ√τ)/[1.12+

(λ√τ]causes an error by one unit in the second decimaL

On the other hand(λ√τ)1.0/[1.13+(λ√τ)1.04]is co-

incident with the exact function up to three units in the

third decimal.
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(47)
As the electrode potential becomes suffici-

ently negative, i.e.,ƒÄ•¨•ä, i approaches the 

limiting value, iz, which is given by

(48)

Eq. (48) shows that the limiting current, %, 

is proportional to ia, (hence to *C), and the 

proportional factor is dependent on ƒÉl•ãƒÑ . 

When the relation expressed by Eq. (48) is 

substituted into Eq. (47), we obtain

(49)

This is the general equation of the current-
voltage curve for the reduction of complex 
metal ions. 

In the following, we discuss in some detail 
the charactetistics of the current-voltage 
curve in several special cases. 

(A) When the Electron Transfer Process 
takes place reversibly.-In the first place, 
let us consider a case in which the value of

×(il/id)1-α α α(1-α)1-α.  Then, since it can

easily be shown that

for any value of ƒÄ, Eq. (49) can be transformed 

into the form

By solving the above equation with respect 

to E, we obtain

(50)

where Er1/2 is defined by Eq. (40). This is the 

equation of the current-voltage curve cor-

responding to the reversible electron transfer 

process. Eq. (50) shows that a plot of -E 

versus log i/il-i) should produce a straight 

line with a slope equal to 2.3 RT/nF=59/n 

mV. at 25•Ž). This fact is a criterion for 

the reversibility of the electron transfer 

process. 

The half-wave potential, E1/2, is given by

(51)

as it comes from Eq. (50). 
Furthermore, consider a case when the 

limiting current is completely controlled by 
the diffusion process, i.e., il=id. Then, Eq. 
(50) can easily be reduced to the simple 
form

(52)

This is quite the same as the result obtained 
when the net electrode reaction takes place 
reversibly. Detailed discussions on this case 
have been set down by many workers 1,2 ). 

(B) When the Electron Transfer Process 
takes place irreversibly.-In the case of

smaller than about 2 per cent of the limiting 

current, ie, in the range of ƒÄ•„-4.6 and the 

appreciable value of i is observed only for 

the values of ~ for which the condition ƒÄ•ƒ 

-4 .6 is satisfied. Then, since it is found 

that

Eq. (49) becomes

Upon solving the above equation with re-

spect to E, we obtain

When the relations expressed by Eqs. (10), 
(31), (40) and (44) are substituted into the 
foregoing equation, we obtain

(53)

where it is defined that K0=1. This is the 

same equation as that obtained by neglecting 

the effect of the reverse (oxidation) process. 

It is evident from Eq. (53), that a plot of 
-E versus log i/(il-i) is linear and the in-

clination of this line is found to be 2.3 

RT/ƒ¿nF(=59/an mV. at 25•Ž). Consequently, 

if this plot is carried out and the tangent
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of the line thus obtained is determined, the 
value of an can be calculated. 

From Eq. (53) the half-wave potential, E112, 
can be obtained as

(54)
Eq. (54) shows that if the consecutive dis-

sociation constants KƒË (ƒË=N,N-1,•c•c, 1) 

are known, the form of the complex metal 

ion that participates in the electron transfer 

process, i.e., p, can be determined from the 

dependence of the half-wave potential, E1/2, on 

the activity of the complexing agent, and 

the forward rate constant of the electron 

transfer process, k0j, calculated from the me-

asured value of the half-wave potential, E1/2. 

Let us consider a case in which only the 

species MXs(n-sb)+ predominates in the bulk 

of the solution in the region in question of 

the concentration of the complexing agent, 

i.e., when the condition *Cs•â*CƒË(ƒË=N, N-1,

… …
,S+1,S-1,… …,1,0)is satisfie(L Then,

by considering the relations expressed by 
Eq. (14), Eq. (54) can be reduced to the simple 
form

(55)

In this case it is evident from Eq. (55), that 

a plot of -E1/2-2.3(RT/anF) log (il/ia) versus 

log (fxCx) should produce a straight line 

with a slope equal to 2.3 (RT/anF) (S-p) 

(=59(S-p)/an mV. at 25•Ž). 

Unfortunately, few experimental data suf-

ficient for the testing of the validity of Eqs. 

(53) and (54) are at present available to the 

authors. As an example of the application of 

the theoretical results described above, only 

the irreversible reduction of the ammonia-

nickel complex ion, which has been recently 

studied by K. Morinaga10), will be treated in 

the present paper. K. Morinaga has shown 

that the reduction of the ammonia-nickel 

complex ion takes place irreversibly at the 

dropping mercury electrode and the limiting 

current is completely controlled by the diffu-

sion process. He has also found that the log 

plot gives a good straight line, as predicted by 

Eq. (53), and the slope of the line thus obtained 

is 41.5 mV. (average), from which he has calcu-

lated the value of ƒ¿ resulting in 0.71. Further-

more, he has measured the half-wave potential

as a function of the ammonia concentration 
in the range of 0.2 to 3 M. His experimental 
results are shown in Fig. 1 in which the 
circles are experimental points. The curves 
in this graph are theoretical ones calculated 
by means of Eq. (54) on the assumption that 
N=6 and P=2. J. Bjerrum4) has determined 
the consecutive dissociation constants for 
the ammonia-nickel system and shown that 
the constants determined by direct experi-
ment are given as K1=10-2.80, K2=10-2.24, 
K3=10-1.73, K4=10-1.19, K5=10-0.75 and K6= 
10-0.04, respectively, and those corrected on 
statistical grounds are K1=10-2,°2, K2=10-1.84, 
K3=10-1.60, K4=10-1.32, K5=10-1.15 and K6= 
10-0.81, respectively. Theoretical curves I and 
II in Fig. 1 have been calculated by using

Fig. 1. Half-wave potentials of the am-
monia-nickel complex ion as a function 

of the ammonia concentration in 0.1 ar 
KNO3. The curves are theoretical ones; 
and the circles are experimental points.,

the former and latter values of the consecu-
tive dissociation constants, respectively. In 
these calculations, the half-wave potential 
at CNH8=0.995 N (-1.033 V vs. SCE) has, bee,, 
taken as the standard, and all activity coe---
ficients which appear in Eq. (54) have been 
taken as if equal to unity since they are at 
present unavailable. The fairly good agree-

10) K. Morinaga, J. Chem. Soc. Japan (Pure Chem.. 
Sect.) (in Japanese), 76, 133 (1955).
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ment of the experimental points with the 

theoretical curve II shows that the species 

Ni(NH3)2++ participates in the electron trans-

fer process, the transfer coefficient being 

equal to 0.71. Moreover, taking the stati-

stically corrected values for the consecutive 

dissociation constants, 0.89 •~ 10-5 cm2/sec.* for 

the diffusion coefficient of the ammonia-nickel 

complex ion and 4-5 sec for the drop time, we 

have calculated the value of the forward rate 

constant of the electron transfer process, k0J
, 

with the aid of the measured value of 

-1
.033V. vs. SCE (-0.787V. vs. NHE) for 

the half-wave potential at the ammonia con-

centration equal to 0.995N. The result ob-

tained is

For the reduction of the hydrated nickel 
ion, K. Morinaga has shown that the log 
plot produces a good straight line with a 
slope equal to 72 mV. and the half-wave pot-
ential is -1.047V vs. SCE (-0.801V. vs. 
NHE). Using these data, we have also cal-

culated the forward rate constant, k0j, and 

the transfer coefficient, a, with the aid of 
the theory developed in the previous paper7). 
The results obtained are

In this calculation we have taken 0.69 •~ 10-5 

cm2/sec. for the diffusion coefficient of the 

hydrated nickel ion and 4-5 sec. for the drop 

time. 

It is seen from the results obtained above 

that the complex formation of the hydrated 

nickel ion with ammonia decreases the for-

ward rate constant of the electron transfer 

process and on the other hand increases the 

transfer coefficient. 

Summary 

Under the assumption that the electrolytic 

reduction of the complex metal ions at the 

dropping mercury electrode follows the me-

chanism expressed by Eqs. (3) and (4), the 

general expression of the current-voltage 

curve has been derived by solving the cor-

responding diffusion problem with the same 

accuracy as the Ilkovic equation, and the 

special two cases corresponding to the re-

versible and irreversible electron transfer 

process have been discussed in some detail. 

Moreover, as an example of the application 

of the present theory, the irreversible reduc-

tion of the ammonia-nickel complex ion has 

been analysed by the aid of the experimental 

data given by K. Morinaga. A fairly good 

agreement between the experimental data 

and the theoretical results has been obtained, 

and it has been found that the species 

Ni(NH3)2++ participates in the electron trans-

fer process with the forward rate constant 

equal to 10-16.8 cm./sec. and the transfer coef-

ficient equal to 0.71. 

Government Chemical Industrial Research 

Institute, Tokyo

*According to the experimental results of K . Mori-

naga10), the rati of the diffusion limiting current of

the ammonia-nickel complex ion to that of the hydrated

nickel ion, which is equal to the ratio of the square roots

of the corresponding diffusion coeffficients, is give as

2.52/2.22. Since the diffusion coef丘cient of the hydrated

nickel ion at infinite dilution is 0.69×10-5 cm2/sec ., the

diffusion coefficient of the ammonia-nickel complex ion

rnay be calculated as 0.89×10-5cm2/sec.


